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Abstract

°ux is 90o behind the stator °ux in the direction of
motion. At this point the °ux vectors are said to be
¯eld-oriented for maximum torque at a given current.
This is also the most e±cient operating region of the
motor, because in this mode the power input to the
mechanical side of the motor is maximized. For continuous rotation at the highest torque and e±ciency,
the stator °ux is rotated in the desired direction of
motion, keeping 90o ahead of the rotor °ux. The stator °ux is produced by controlling the current in the
stator windings.

Fuzzy systems have been used extensively and successfully in control systems over the past few decades, but
have been applied much less often to ¯ltering problems. This is somewhat surprising in view of the close
relationship between control and estimation. This
paper discusses and demonstrates the application of
fuzzy ¯ltering to motor winding current estimation in
permanent magnet synchronous motors. It is shown
via simulation results that fuzzy techniques provide
an attractive alternative to current estimation using
In order to implement an e®ective closed-loop curanalytic techniques. It is further shown how the fuzzy
rent
controller we need an accurate estimate of the
membership functions can be optimized using gradient
current
[2]. Current estimation is thus an important
descent.
problem. It is also a challenging problem because
the measured winding currents are strongly a®ected
1 Introduction
by electrical noise in the motor electronics.
The electrical windings of permanent magnet synchronous motors are spaced on the stator (the ¯xed
part of the motor) at regular angles. When excited
with current, the windings produce magnetic °uxes
that add vectorially to produce the stator °ux. The
controlling variables are the proportions of currents
in the motor windings, which determine °ux magnitude and orientation. Rotating rotor magnets produce the rotor °ux and interact with the stator °ux to
produce torque. When the stator and rotor °uxes are
aligned, the magnetic ¯elds are in equilibrium at the
minimum energy position and no torque is produced.
When the stator and rotor °uxes are not aligned, the
rotor magnets are pulled toward the stator electromagnets. This torque is maximum when the rotor

The motor's winding currents are generally shaped
like a sinusoid. Knowing this, we can formulate
common-sense fuzzy membership functions for use in
a predictor-corrector type of estimator. These initial
membership functions are constructed on the basis
of experience, and trial and error. The fuzzy system is a recursive nonlinear estimator. Its inputs are
comprised of past estimates, and present and past
measurements. From this starting point we gather
experimental data from a motor and ¯ne-tune the
fuzzy membership functions using gradient-descent.
The fuzzy estimator is applied to actual motor winding currents. The results presented in this paper establish fuzzy estimation as a viable alternative for
stator winding current estimation.

2

Fuzzy Estimation

We begin with a standard discrete, time-invariant
system given by
xk+1
zk

= f (xk ) + vk
= h(xk ) + wk

(1)
(2)

where k is the time index, xk is the state vector, zk
is the measurement, and vk and wk are noise processes. The problem of ¯nding an estimate x
^k for the
state vector based on past and present measurements
is known as the a posteriori ¯ltering problem. One
commonly used estimator architecture is the recursive predictor/corrector, given by
^ xk¡1 ) + g(zk ; x
x^k = f(^
^k¡1 )

(3)

where f^(¢) is an estimate of f (¢), and g(¢) is the correction function. The process model f(¢) is often
known, or it can be found using system identi¯cation
methods. If f^(¢) is available, only the correction mapping g(¢) needs to be determined. Various analytic
methods have been used for obtaining the correction
mapping [5, 7]. As an alternative to analytic methods, the correction mapping could be implemented as
a fuzzy function [6].

2.1

Current Estimation

Consider the problem of tracking a noisy discretetime signal x(n). The fuzzy estimator structure that
we use to obtain an estimate of the signal is given by
x
^¡
k

+
= x
^k¡1
+ T v^k¡1

(4)

x^+
k

g(zk ; x^k¡ )

(5)

=

The output of the correction mapping is a fuzzy variable which is determined by correlation-product inference.
The initial rule base and triangular membership
functions were constructed on the imprecise basis of
experience, and trial and error. An appropriate initial knowledge base is critical, because without an
initial knowledge we cannot proceed any further with
any optimization schemes. In spite of its importance,
the generation of initial knowledge remains as a di±cult and ill-de¯ned task in the construction of fuzzy
logic systems.
In general, we denote the centroid and half-width of
the i-th fuzzy membership function of the j-th input
by cij and bij . So the degree of membership of a crisp
input x in the i-th category of the j-th input is given
by
½
1¡ j x ¡ cij j =bij j x ¡ cij j· bij =2
fij (x) =
0
otherwise.
(8)
The fuzzy output is mapped into a crisp numerical
value using centroid defuzzi¯cation [4].
Pn
m(yj )yj Jj
Pj=1
g(zk ; x^¡
)
=
(9)
n
k
j=1 m(yj )Jj
where yj and Jj are the centroid and area of the jth output fuzzy membership function and n is the
number of fuzzy output sets. (Note that in the case
of symmetric triangular membership functions, Jj is
equal to the half-width of the j-th output fuzzy membership function.) The fuzzy output function m(y) is
computed as
X
m(y) = fuzzy output function =
mik (y) (10)

i;k
x^¡
k denotes the estimate of x at time k before the
+
mik (y) = fuzzy output function when
(11)
measurement at time k is processed. x
^k denotes the
estimate of x at time k after the measurement at time
(input 1 2 class i) and (input 2 2 class k)
k is processed. T is the update period of the estimate,
zk is the noisy measurement of the winding current, 2.2 Current Rate Estimation
and v^ is the estimate of current rate. (The determination of the rate estimate is discussed in Section 2.2.) One of the inputs to the fuzzy estimator discussed
above is the current rate estimate v^. This estimate
The fuzzy correction mapping g(¢) has two inputs:
must be computed from the current estimates using
(input 1)k = zk ¡ x^k¡
(6) numerical di®erentiation, which is in itself a chal(input 2)k = (input 1)k ¡ (input 1)k¡1 : (7) lenging task. We will somewhat arbitrarily assume

that we have the present and past three estimates
available. With this in mind, we use the method of
undetermined coe±cients [1] to obtain the following
expression for the rate.

¿ . Doing so, we obtain the surprising result that the
variance of the rate estimation error is minimized for
¿ ¼ 35T . In fact, the rate estimation error is strongly
dependent on ¿. For instance, it can be shown that
the rate error is approximately 1000 times greater
for ¿ = T than for ¿ = 35T . So we will use ¿ = 35T
1
3
v(t) = [¡ x(t ¡ 3¿ ) + x(t ¡ 2¿ ) ¡ 3x(t ¡ ¿ )
(where T = 200 ¹s is the ADC period) in (4) to es3
2
timate rate. This ¯nding is critical to the success of
11
193¿ 3 (4)
+ x(t)]=¿ ¡
x (³)
(12) the fuzzy estimator.
6
72

where ¿ is a time step (some multiple of T in Section 2.1) to be determined later, and ³ is an unknown
constant in [t ¡ 3¿; t]. It is our objective in the remainder of this section to determine an appropriate
time step ¿ . If we estimate v in accordance with the
above equation, then we can perform the error analysis associated with the Taylor Series expansions of
x^(t ¡ k¿ ) to obtain the following expression for the
rate estimation error:

3

Optimization

If the fuzzy membership functions are triangular, gradient descent can be used to optimize the centroids
and the widths of the input membership functions,
and the centroids of the output membership functions [3, 6]. Consider an error function given by
N
1 X 2
E
2N q=1 q

E =
(15)
¡193¿ 3 (4)
1
x (³) + [¡ x
~(t ¡ 3¿ )
(13)
72
3
Eq ´ x
^q ¡ xq
3
11
+ x~(t ¡ 2¿ ) ¡ 3~
x(t ¡ ¿ ) + x~(t)]=¿:
2
6
where N is the number of training samples. We can
Now if we treat the time functions in the above equa- optimize E by using the partial derivatives of E with
tion as random processes and make the simplifying respect to: (a) the centroids of the input fuzzy memassumption that x(4) (t) and x
~(t) are independent, we bership functions; (b) the half-widths of the input
obtain the following expression for the variance of the fuzzy membership functions; and (c) the centroids of
the output fuzzy membership functions.
rate estimation error:
v~(t) =

Input Centroids

Using the relationships of (8) and following, we obtain
530
E(~
v2) =
E([x(4) ]2 ) +
E(~
x2 ): (14)
2
36¿
N
@E
1 X @x
^q
=
Eq
(16)
Based on our knowledge of the current waveforms, we
@cij
N q=1 @cij
will assume that we have a one-sigma current estiman
X
@ x^q
@ x^q @mp
tion error that corresponds to about 0.01 volts. (Note
=
[mp ´ m(yp )] (17)
@cij
@mp @cij
that the current is measured by an analog-to-digital
p=1
converter [ADC] on the motor drive, so the acquired
@x
^q
Jj (yj ¡ x^q )
voltage is directly proportional to the motor wind= P
(18)
n
@mj
i=1 mi Ji
ing current.) Again, based on our knowledge of the
X
@mp
@wkl
current waveforms, we will assume that the standard
=
rklp
(19)
@c
@cij
ij
deviation of the fourth derivative of the current is
k;l
2.9 ¹V/(ms)4 . Our ADC operates at a rate of 200
¹s, so ¿ must be a multiple of 200 ¹s. We can then where rklp = 1 if [(input 1) 2 class k and (input 2)
minimize the rate estimation variance with respect to 2 class l] =) (output 2 class p), and 0 otherwise.
µ

193¿ 3
72

¶2

@wkl =@cij is given as follows:
Output Centroids
The partials of the objective function E with respect
½
@wkl
@fk1 =@cij fk1 (input 1)· fl2 (input 2) to the centroids of the output fuzzy membership func=
@fl2 =@cij otherwise.
@cij
tions are given as
The partials of the membership grades f(¢) with respect to the input centroids are
@fk1 (¢)
@ci2
@fk1 (¢)
@ci1
@fl2 (¢)
@ci2

=

@fl2 (¢)
=0
@ci1

(20)

= 2±ik sign [(¢) ¡ ci1 ]=bi1
= 2±il sign [(¢) ¡ ci2 ]=bi2

(21)

N
1 X @x
^q
Eq
N q=1
@yj

(31)

@x
^q
@yj

=

m J
Pn j j :
i=1 mi Ji

(32)

@E(k)
@cij
@E(k)
bij (k + 1) = bij (k) ¡ ´b
@bij
@E(k)
yj (k + 1) = yj (k) ¡ ´y
@yj

cij (k + 1) = cij (k) ¡ ´c

Input Half-Widths

Again using (8) and following, it can be shown that
@E
@bij

=

N
1 X @ x^q
Eq
N q=1 @bij

(23)

@ x^q
@bij

n
X
@ x^q @mp
=
@mp @bij
p=1

[mp ´ m(yp )] (24)

@x
^q
@mj
@mp
@bij

Jj (yj ¡ x^q )
Pn
i=1 mi Ji
X
@wkl
=
rklp
@bij

(33)
(34)
(35)

where ´c , ´b and ´y are gradient descent step sizes.

=

(25)
(26)

k;l

where rklp is given is given following (19) and
@wkl =@bij is given by
½
@wkl
@fk1 =@bij if fk1 (input 1)· fl2 (input 2)
=
@fl2 =@bij otherwise.
@bij
(27)
The partials of the membership grades with respect
to the half-widths of the input fuzzy membership
functions are given as
=

=

The gradient descent rule is then used to update the
independent variables from one iteration to the next
(22) as follows:

where ±ik is the Kronecker delta function (±ik = 1 for
i = k, 0 otherwise).

@fk1 (¢)
@bi2
@fk1 (¢)
@bi1
@fl2 (¢))
@bi2

@E
@yj

@fl2 (¢)
=0
@bi1

(28)

= ±ik [1 ¡ (¢)]=bi1

(29)

= ±il [1 ¡ (¢)]=bi2

(30)

4

Simulation Results

The gradient descent method described above was
used to optimize the fuzzy membership functions.
The training data consisted of real motor winding
currents collected with a digital oscilloscope at a rate
of one sample every 200 ¹s which were run through
a simple symmetric noncausal moving average ¯lter
consisting of a total of 51 points. The gradient descent learning parameters ´c , ´b and ´y were all initialized to 1. The membership functions were constrained to be symmetric triangles, and the error
function E in (15) was optimized with respect to 35
parameters { the centroids of each of the membership functions (21 total), and the width of each of
the input membership functions (14 total).
Figure 1 shows 2500 samples of raw current. (The
vertical axis is Volts because the current is acquired
with an ADC, which measures the current with a
proportional voltage.) Figure 2 shows the same current after being passed through a fuzzy ¯lter that
was optimized via gradient descent. The improved

smoothness of the ¯ltered current is evident from a 5
Conclusion
comparison of the ¯gures. This will result in an improvement of the current control scheme for the DC A fuzzy estimator has been applied to the estimation of DC motor winding currents. This approach
motor.
o®ers the bene¯ts of fuzzy logic while providing performance on par with analytic methods. The fuzzy
estimator also o®ers the possibility of training if a
nominal current history is known a priori. Further
work could focus on implementation issues in a realtime motor controller, and other optimization methods (e.g., genetic algorithms).
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Figure 1: Un¯ltered Currents
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