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Abstract

¯lter converges more quickly, ¯nds a better solution, and requires only slightly more computational
e®ort than gradient descent. A pseudo-steady-state
Kalman ¯lter can be used to decrease the computational e®ort and achieve results on par with the
Kalman ¯lter.

The generation of membership functions for fuzzy
systems is a challenging problem. In this paper we
present a new scheme for optimizing Mamdani fuzzy
controllers. We optimize the membership functions
with an extended Kalman ¯lter. We describe the algorithm and compare it with gradient descent optiOptimization
mization of fuzzy membership functions. The meth- 2
ods discussed in this paper are illustrated on a simple
automotive cruise control problem. We demonstrate In this paper we will assume that the membership
that the Kalman ¯lter can be an e®ective tool for im- functions are triangular. We denote the centroid,
lower half-width, and upper half-width of the ith
proving the performance of a fuzzy controller.
fuzzy membership function of the jth input by cij ,
+
b¡
ij , and bij respectively. The degree of membership
1 Introduction
of a crisp input x in the ith category of the jth input
is therefore given by
The performance of a fuzzy system depends on both
8
¡
¡
its rule base and its membership functions. Given
< 1 + (x ¡ cij )=bij if ¡ bij · (x ¡ cij ) · 0
+
a rule base, the membership functions can be op- fij (x) =
1 ¡ (x ¡ cij )=bij if 0 · (x ¡ cij ) · b+
ij
:
timized in order to obtain the best possible perfor0
otherwise.
mance from the fuzzy system. This paper does not
(1)
address the generation of rule bases, but does suggest In this paper we will restrict our discussion to single
a method for the generation of membership functions. output systems for ease of notation and illustration.
Many methods (both derivative-based and derivative- Conceptually, the results of this paper can be easily
free) have been proposed for the optimization of fuzzy extended to multiple output systems, but the notamembership functions. See [9] for a list of references. tion becomes quite cumbersome.
This paper extends the results of [9] and demonThe fuzzy output is mapped into a crisp numeristrates that the Kalman ¯lter can be e®ectively used cal value using centroid defuzzi¯cation [5]. Centroid
to optimize the membership functions of a Mamdani defuzzi¯cation can be expressed as
fuzzy controller.
Pn
This paper describes how the extended Kalman ¯lj=1 m(°j )°j Jj
crisp output = Pn
(2)
ter can be applied to fuzzy system optimization. We
j=1 m(°j )Jj
demonstrate its performance on a fuzzy controller
and compare it with fuzzy controller optimization us- where °j and Jj are the centroid and area of the
ing gradient descent. It is shown that the Kalman jth output fuzzy membership function, and n is the

number of fuzzy output sets. For the special case of
two fuzzy inputs, the fuzzy output function m(°) is
computed as
X
m(°) = fuzzy output function =
mik (°) (3)
i;k

where mik (°) is de¯ned as the consequent fuzzy output function when input 1 is in class i and input 2 is
in class k.
mik (°) = wik moik (°)
(4)

2.1

The Extended Kalman Filter

Derivations of the extended Kalman ¯lter are widely
available in the literature [1, 2]. In this section we
brie°y outline the algorithm and show how it can be
applied to fuzzy membership function optimization.
Consider a discrete time system of the form
xn+1
dn

= f (xn ) + wn
= h(xn ) + vn

(7)

where the vector xn is the state of the system at
time n, wn is the process noise, dn is the observation
vector, vn is the observation noise, and f (¢) and h(¢)
are nonlinear vector functions of the state. Assume
that the sequences fvn g and fwn g are zero-mean, and
the initial state x0 , fvn g, and fwn g are gaussian and
(5)
independent from each other with

moik (°) is the fuzzy function of the consequent that
is activated when input 1 is in class i and input 2
is in class k, and wik is the activation level of that
consequent.
wik = min[fi1 (input 1); fk2 (input 2)]

If the fuzzy membership functions are triangular
as assumed in this paper, derivative-based methods
can be used to optimize the centroids and the widths
of the input and output membership functions. Consider an error function given by

E[(x0 ¡ x
¹0 )(x0 ¡ x
¹0 )T ] = P0
E(wn wlT ) = Q±nl
E(vn vlT ) = R±nl

(8)
(9)
(10)

where E(¢) is the expectation operator and ±nl is the
Kronecker delta. The problem addressed by the ex(6) tended Kalman ¯lter is to ¯nd an estimate x
^n+1 of
xn+1 given dj (j = 0; : : : n).
If the nonlinearities in (7) are su±ciently smooth,
where N is the number of training samples, gq is a
the
system can be approximated as
weighting function, yq is the target value of the fuzzy
system, and y^q is the output of the fuzzy system. We
xn+1 = Fn xn + wn + f(^
xn ) ¡ Fn x^n (11)
can optimize E by using the partial derivatives of E
T
d
=
H
x
+
v
+
h(^
xn ) ¡ HnT x^n
n
n
n n
with respect to the centroids and half-widths of the
input and output fuzzy membership functions. We
can obtain expressions for these derivatives using (1) where
¯
and following. Then, using the di®erentiation chain
@f (x) ¯¯
F
=
(12)
n
rule on (6), we can obtain expressions for the deriva@x ¯x=^xn
tive of the error function with respect to the half¯
@h(x) ¯¯
T
widths and centroids. We can then use those derivaHn =
@x ¯x=^xn
tives in an optimization scheme to minimize the error
function with respect to the fuzzy membership func^n
tion parameters. This idea was ¯rst suggested in [3] It can then be shown that the desired estimate x
can
be
obtained
by
the
recursion
and was extended in [7, 8]. See those references for
detailed derivations and formulas for the derivatives.
Kn = Pn Hn (Rn + HnT Pn Hn )¡1
(13)
In this paper we will consider optimization only with
x^n = f (^
xn¡1 ) + Kn [dn ¡ h(^
xn¡1 )]
respect to the input membership function parameters
¡
+
T
T
cij , bij , and bij .
Pn+1 = Fn (Pn ¡ Kn Hn Pn )Fn + Qn
N
1 X 2
E=
g (yq ¡ y^q )2
2N q=1 q

In order to reduce the computational e®ort of the
Kalman ¯lter, a pseudo-steady-state assumption can
be made in (13) that
¯
@h(x) ¯¯
HnT ¼ H0T =
(14)
@x ¯x=^x0
So the calculation of the partial derivative matrix can
be performed only once. This assumption is only
valid if the partial derivative of the system output
h(¢) with respect to the state estimate x
^n does not
change much from iteration to iteration [2]. But the
extended Kalman ¯lter is only an approximation in
the ¯rst place because of the linearization discussed
above, so if computational e®ort is any consideration
at all, the pseudo-steady-state assumption certainly
deserves consideration.

2.2

Application to Fuzzy Control

Inspired by the successful use of the Kalman ¯lter
for training neural networks [6], for defuzzi¯cation
strategies [4], and for training fuzzy ¯lters [8], we
can apply a similar technique to the training of fuzzy
control systems. In order to cast the membership
function optimization problem in a form suitable for
Kalman ¯ltering, we let the membership function parameters constitute the state of a nonlinear system,
and we let the output of the fuzzy system constitute the output of the nonlinear system to which the
Kalman ¯lter is applied. In this paper we will optimize the membership function parameters of the
inputs but not the output.
We will consider a two-input fuzzy controller. This
restriction is made only for notational convenience,
and the results in this paper can be (conceptually)
easily extended to an unlimited number of inputs and
outputs. Consider a fuzzy system which has ¹ fuzzy
sets for the ¯rst input and º fuzzy sets for the second
input. As above we denote the centroid and halfwidths of the ith fuzzy membership function of the
¡
jth input by cij , bij
, and b+
ij . The state of the nonlinear system can then be represented as
£
+
¡
b11
c11 ¢ ¢ ¢ b¹1
b+
c¹1
x = b¡
(15)
11
¹1
¤
T
+
+
¢ ¢ ¢ b¡
c12 ¢ ¢ ¢ b¡
cº2
12 b12
º2 bº2

The vector x thus consists of all of the fuzzy membership function parameters arranged in a single vector.
The nonlinear system model to which the Kalman
¯lter can be applied is
xn+1
dn

= xn + wn
= h(xn ) + vn

(16)

where h(xn ) is the fuzzy system's nonlinear mapping
between the membership function parameters and
the single output of the fuzzy system, and wn and
vn are arti¯cally added noise processes that improve
the stability of the Kalman ¯lter [6]. Now we can apply the Kalman recursion (13). In Section 2.1, f (¢) is
the identity mapping, dn is the target output of the
fuzzy system, and h(^
xn ) is the actual output of the
fuzzy system given the current membership function
parameters. Hn is the partial derivative of the fuzzy
output with respect to the membership function parameters (which can be computed as described and
referenced earlier in this paper), and Fn is the identity matrix. The Qn and Rn matrices are tuning parameters which can be considered as the covariance
matrices of the arti¯cial noise processes wn and vn
respectively.

3

Simulation Results

In this section we describe and illustrate the use of
Kalman ¯lter training for the membership parameters of a fuzzy controller for an automotive cruise
control system [10, pp. 186®.]. An automobile's acceleration can be stated as a function of the external
forces acting on the vehicle: engine force, drag force
Fd (a function of velocity), and gravity-induced force
Fg (a function of road grade). If we assume that the
time constant of the engine is small relative to the
time constant of the vehicle, we obtain
mv_ = Fe1 (µ) ¡ Fd (v) ¡ Fg

(17)

where m is the vehicle mass, µ is the throttle position,
and Fe1 and Fd are given by
p
Fe1 (µ) = Fi + ° µ
(18)
2
Fd (v) = ®v sign(v)

where °, ®, and Fi are constants. In this paper we
use the values m = 1000 kg, ° = 12; 500 Newtons,
and ® = 4 N / (m/s)2 . Fi is the engine idle force,
which we will assume to be 1000 N.
A 2-input, 1-output fuzzy cruise control can be designed by de¯ning error as the reference speed minus
the measured speed, and implementing rules such as
the following: \If the error is small positive, and the
change in error is zero, then change the throttle position by a small positive amount." Another rule might
be, \If the error is zero, and the change in error is
large positive, then change the throttle position by
a small positive amount." A rule base was de¯ned
with ¯ve membership functions each for the two inputs and the output. So ¹ and º in (15) are both
equal to ¯ve and the fuzzy cruise control has a total of 10 membership functions for the inputs. Each
membership function is constrained to be triangular,
so each membership function has three parameters (a
centroid and two half-widths). Thus the fuzzy cruise
control has a total of 30 parameters to be determined.
Gradient descent can be used to optimize the fuzzy
cruise control with respect to these 30 parameters.
For the Kalman ¯lter, these 30 parameters are arranged in a vector as shown in (15) and hence comprise the 30-element state of the Kalman ¯lter.
The error function (6) was de¯ned as the reference
speed minus the vehicle speed. The fuzzy cruise control was simulated using MATLAB for 15 s with a
controller update period of 0:25 s, so N in (6) was
equal to 60. The weighting function gq in (6) was
set equal to q=N to give a greater weight to errors at
the end of the training interval; in other words, we
were more interested in decreasing settling time than
in decreasing overshoot.
Both the gradient descent and Kalman ¯lter methods were implemented in MATLAB to optimize the
membership functions of the controller inputs. The
training setup consisted of the cruise control operating in steady state on a °at road with a sudden 10%
increase in the road grade. The reference speed of the
cruise control was set at 40 m/s, so the objective of
the cruise control was to maintain a 40 m/s velocity
even after encountering a 10% increase in road grade.
The Kalman ¯lter parameters were set as follows:
the matrix Q in (9) was set to 4000I30 (where I30 is

the 30 £ 30 identity matrix); the matrix R in (10)
was set to 40 (a scalar, since there is only one measurement for the Kalman ¯lter); and the matrix P0
in (8) was set to 40000I30 .
Figure 1 depicts the progress of the gradient descent method, the Kalman ¯lter method, and the
pseudo-steady-state Kalman Filter as represented
in (14) during optimization of the membership functions. It can be seen that although all three methods
yield comparable results, the Kalman ¯lter methods
converge to better solutions than the gradient descent
method. The pseudo-steady-state Kalman Filter converges more quickly than the other two methods, although its ¯nal solution is not quite as good as the
Kalman ¯lter method.

Figure 1: Training Progress.
The computational requirements of the gradient
descent and Kalman ¯lter methods are about the
same. Although the Kalman ¯lter equations (13) are
more complex than the gradient descent equations,
the matrix inversion in (13) involves only a 1 £ 1
matrix (since the dynamic system has only one output). The majority of the computational e®ort for
the two methods consists of calculating the derivatives of the objective function with respect to the
membership parameters, and this calculation is the
same for both optimization methods. The optimization methods were run on a Pentium III 550 MHz PC.
The gradient descent method and the Kalman ¯lter
method both required about 15 s per iteration. The
pseudo-steady-state Kalman Filter method is much
faster than the other two methods. Although its ¯rst

iteration takes about 15 s, each iteration after the
¯rst takes less than 1 s because the partial derivative
computation is skipped.
Fig. 2 shows the training data with the nominal
fuzzy cruise control, and with the cruise control that
has been optimized with the Kalman ¯lter. At t = 0
the automobile encounters a sudden 10% increase in
the road grade. The cruise control attempts to maintain the 40 m/s velocity in the presence of the increased road grade. It can be seen that the initial oscillations are about the same between the two curves,
but the settling time is noticably smaller for the optimized cruise control. This re°ects our choice of gq
in (6) to decrease the settling time at the expense of
overshoot.

systems with non-triangular membership functions.
MATLAB code that implements the algorithms described in this paper can be downloaded from
http://csaxp.csuohio.edu/~simon/fuzzyopt/.
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